We propose two new observables to measure the charge asymmetry in hadronic topquark pair production in association with a hard jet. The incline asymmetry, based on the inclination between the planes of initial-and final-state momenta, probes the charge asymmetry in the quark-antiquark channel. Compared to the hitherto investigated rapidity asymmetries, the incline asymmetry provides improved access to the partonic charge asymmetry at both the Tevatron and the LHC. The energy asymmetry, based on the energy difference between top and antitop quarks, for the first time allows us to probe the charge asymmetry in the quark-gluon channel at the LHC. In quantum chromodynamics, asymmetries of up to −12 % at the leading order are achievable with appropriate cuts. Top-pair plus jet production thus has the potential to become the discovery channel of the charge asymmetry in proton-proton collisions.
Introduction
The top quark is often suspected to play a special role among the quarks of the standard model (SM). Its strong coupling to the Higgs boson suggests that the top quark may be involved in the mechanism of electroweak symmetry breaking and/or the generation of fermion masses. Thanks to the recent progress in top-quark physics on both the theoretical and the experimental side, those fundamental issues can now be addressed at an unprecedented level of precision. To date, top-quark observables at hadron colliders have passed the various tests of top-quark properties in the SM. One exception is the top-quark charge asymmetry, which has been measured as a forward-backward asymmetry in inclusive top-antitop production at the Tevatron [1, 2] . It exceeds the SM prediction by about three standard deviations. The limited set of data recorded during the runtime of the Tevatron makes it difficult to draw a conclusion on the origin of this discrepancy. At the LHC, the charge asymmetry in top-quark pair production is buried under the large charge-symmetric background from partonic gluongluon (gg) initial states. Measurements of the charge asymmetry by the ATLAS and CMS collaborations do not indicate a deviation from the SM prediction, but they are affected by large uncertainties [3, 4, 5, 6] .
Novel information on the top quark's properties can be obtained by investigating top-quark pair production in association with a hard jet. Beyond the standard model, tt + j production provides a wide playground for sensitive probes of new physics, which recently started to be explored [7, 8, 9, 10] . In this work, we will focus on the charge asymmetry in quantum chromodynamics (QCD). The presence of an additional jet allows us to investigate QCD effects at leading order (LO), which contribute to inclusive top-pair production at next-to-leading order (NLO). In inclusive tt production, the charge asymmetry arises at NLO from virtual and real gluon radiation [11] . The same real gluon contributions generate the asymmetry in tt + j production at LO. While the completion of NNLO QCD calculations for the inclusive tt asymmetry is still ongoing, NLO corrections to the asymmetry in tt + j have been calculated and found to be sizeable [12, 13, 14] . The effects of top-quark decay and parton showers have been investigated in detail [15, 16, 17] . The SM prediction of the charge asymmetry in tt + j thus has a solid basis, ready to face experimental results. At the Tevatron, the production rate of tt + j final states is relatively small due to the limited phase space [18] . With higher collision energies at the LHC, tt events are produced abundantly in association with at least one hard jet [19, 20] . From a statistical point of view, the measurement of a charge asymmetry in tt + j production is therefore within reach.
A detailed understanding of the jet kinematics in tt + j production is crucial in order to control the infrared and collinear behavior of the process. As a result of the enhanced symmetric cross section in the collinear limit, the normalized charge asymmetry is maximized if the jet is emitted perpendicular to the beam axis in the partonic center-of-mass (CM) frame [10] . This feature facilitates the construction of a collinear-safe observable by setting an experimental cut on the jet rapidity in the parton frame. The jet handle can be further exploited to probe the charge asymmetry in tt + j production through observables that are not accessible in inclusive tt production. The construction and investigation of such observables is the purpose of this work.
We aim at providing optimal access to the charge asymmetry in QCD in both the partonic quark-antiquark (qq) channel and the quark-gluon (qg) channel of tt + j production. To this end, we explore the relation between the momenta of the top quarks and the jet in the final state. We show that the angular correlation between the light quarks inside the proton and the top quarks in the final state is appropriately described by the inclination between the planes spanned by the light-quark and (gluon-)jet momenta and by the top-quark and jet momenta, respectively. The corresponding observable, called incline asymmetry, probes the charge asymmetry in thechannel. It is superior to the previously studied forwardbackward or rapidity asymmetries, which do not take the jet kinematics into account. The incline asymmetry can be formulated for both proton-antiproton collisions at the Tevatron and proton-proton collisions at the LHC. Due to the relation between the particles' four-momenta in the final state, the scattering angles of the top and antitop quarks with respect to the jet direction are connected to their energies. This relation proves to be particularly useful in probing the charge asymmetry in the qg channel, where the jet emerges from a quark at the parton level. The resulting energy asymmetry measures the charge asymmetry in terms of the difference between the top-and antitop-quark energies in the partonic CM frame. It is tailored to the LHC, where the qg parton luminosity is sizeable, such that the relative gg background is smaller than for the asymmetries in thechannel. For the first time, we have an observable at hand that allows a measurement of the charge asymmetry in the qg channel. It will be explained in detail why the energy asymmetry in the qg channel is sizeable, while the previously considered forwardbackward or rapidity asymmetries are tiny.
This paper is organized as follows. In Section 2, we perform a comprehensive analysis of the charge asymmetry in tt + j production at the parton level. We start by discussing the kinematics in thechannel at an analytic level (Section 2.1). On this basis, we derive the incline and energy asymmetries for theand qg channels (Sections 2.2 and 2.3). The incline asymmetry is compared to the forward-backward asymmetry in Section 2.4. A summary of the new asymmetries and their kinematic features concludes the partonic analysis (Section 2.5). In Section 3, we study the incline and energy asymmetries at hadron colliders. At the Tevatron, the incline asymmetry is a large quantity and is expected to be accessible with the full data set (Section 3.1). The energy asymmetry cannot be observed at the Tevatron. At the LHC, both the incline and the energy asymmetry can be explored (Sections 3.2 and 3.3). Due to the large gg background, suitable cuts are indispensable to the observation of a sizeable asymmetry. We comment on the prospects to measure the new observables at the LHC with 8 TeV data and provide predictions for the 14 TeV run, where a high significance can be reached with a larger data set. We conclude in Section 4. In Appendix A, we discuss the relation between the asymmetries in theand qg channels. The results allow us to understand the magnitude of the respective observables in different channels.
The incline and energy asymmetries
The definition of a charge asymmetry in tt + j production crucially depends on the jet kinematics in the final state. Momentum conservation requires that the three-momenta of the final-state particles in the partonic process p 1 p 2 → ttp 3 sum to zero in the partonic CM frame, k t + kt + k 3 = 0. The top, antitop and jet (p 3 ) momenta k t , kt, and k 3 thus lie in one plane, which features a certain inclination with respect to the plane spanned by the momenta of the incoming partons and the jet, k 1 , k 2 , and k 3 . Below, we will derive an asymmetry in terms of this inclination, named incline asymmetry. This new observable is particularly useful for probing the charge asymmetry in→ ttg in the partonic CM frame. The incline asymmetry is essentially free from the impact of the final-state gluon direction on the angular correlation between the light quarks and the top and antitop quarks. In principle, the incline asymmetry can also be defined for the process qg → ttq by boosting into a reference frame in which the initial state is antisymmetric under charge conjugation.
In addition to the incline asymmetry, the final state tt + j allows us to probe the charge asymmetry via an energy asymmetry, which is based on the difference between the top and antitop energies. In the process→ ttg, the incline asymmetry and the energy asymmetry complement each other, as they probe independent parts of the differential charge asymmetry. In qg → ttq, the energy asymmetry is particularly well suited to explore the charge asymmetry in the partonic CM frame. Remarkably, the energy asymmetry is the first observable that provides access to the charge asymmetry in the qg channel at the LHC.
In this section, we will derive and discuss the incline asymmetry and the energy asymmetry at the parton level. We will also compare these new asymmetries with the previously investigated forward-backward asymmetry in terms of the top-quark scattering angle off the incoming quark. The jet angular distribution shows that the incline asymmetry equals the forward-backward asymmetry in its maximum, which is reached for central jet emission [10] . For all other scattering directions of the hard jet, the incline asymmetry is larger than the forward-backward asymmetry.
Differential charge asymmetry
To describe the parton kinematics in a way that captures the relevant features of the incline and energy asymmetries, we use the parameterization from [21] . In this parameterization, the three-body final state in the process p 1 p 2 → ttp 3 is described by five variables in the partonic CM system: the top-quark and jet 1 energies E t and E j , the jet scattering angle θ j off the direction of the incoming parton p 1 , and the inclination angle ϕ between the planes spanned by the three-momenta ( k 1 , k 3 ) and ( k t , k 3 ). The fifth degree of freedom, an azimuthal rotation of the final state around the beam axis, is irrelevant for our purposes. The kinematical setup is visualized in Figure 1 . The four-momenta of the partons are given by Figure 1 : Kinematics of the process p 1 p 2 → ttp 3 . The definition of the inclination angle ϕ is given in (2).
where √ s is the partonic CM energy and m t is the top-quark mass. The jet scattering angle θ j and the inclination angle ϕ fix the position of the final-state plane (t,t, p 3 ) with respect to the plane (p 1 , p 2 , p 3 ). They are defined by
with the normal vectors of the planes (p 1 , p 2 , p 3 ) and (t,t, p 3 ),
The angle ξ between the top-quark and jet momenta is fixed in terms of E t , E j and √ s by the relation
The range of the energies E t and E j is independent from θ j and ϕ and given in [21] . The anglē ξ between the antitop-quark and jet momenta is obtained by changing E t to the antitop-quark
For tt + j production at hadron colliders, the three partonic processes in QCD at LO are the quark-antiquark channel→ ttg, where {p 1 , p 2 , p 3 } = {q,q, g}, the quark-gluon 2 Note that ϕ corresponds to η + π in [21] .
channel qg → ttq, where {p 1 , p 2 , p 3 } = {q, g, q}, and the gluon-gluon channel gg → ttg. The gg channel does not contribute to the charge asymmetry, but is an important background at the LHC. The parameterization introduced above allows us to control the infrared and collinear behavior of the partonic cross sections in the limits E j → 0 and θ j → 0, π. For later purposes, it is important to bear in mind that the charge asymmetry in thechannel has an infrared divergence, whereas the qg contribution is finite for E j → 0. The symmetric cross section for tt + j production, which normalizes the asymmetry, exhibits both soft and collinear divergences. The size of the observable charge asymmetry thus depends significantly on E j and θ j , and on the cuts being introduced to regularize the divergences.
The differential charge-symmetric cross section dσ S and the charge-asymmetric cross section dσ A at the parton level are defined as
Since theinitial state is antisymmetric under charge conjugation and the jet angular distribution is symmetric, the analytic expression of the charge asymmetries is most transparent in this channel. We will thus primarily focus on the process→ ttj, when we introduce the new asymmetries at the parton level. In the qg channel, the initial state is neither symmetric nor antisymmetric under charge conjugation. Furthermore, the jet distribution in qg → ttj is not forward-backward symmetric, but the jet is preferentially emitted in the direction of the incoming quark. As we aim at examining the features of the charge asymmetry in terms of top and antitop energies, we substitute the jet energy E j with the antitop energy Et in our parameterization in (1) . In terms of the inclination angle ϕ, the jet scattering angle θ j , and the top and antitop energies E t and Et, the differential charge asymmetry in→ ttj exhibits the following structure,
with the SU (3) color factors N C = 3 and d 2 abc = 40/3, and the coefficients {N i } = {N i (E t , Et)} given by
The first term of the distribution dσ A (qq → ttj) in (6) is antisymmetric in cos ϕ, whereas the second term is antisymmetric in cos θ j . An asymmetry in terms of cos ϕ, the incline asymmetry, thus probes the set of coefficients
An asymmetry in terms of the energy difference ∆E = E t − Et, the energy asymmetry, thus probes the complementary part of the differential asymmetry via {N 2 }. However, in thechannel, the energy asymmetry vanishes when integrated over θ j . One has to construct a two-fold asymmetry in terms of ∆E and θ j to obtain a non-vanishing observable. In thechannel, the asymmetries in cos ϕ and ∆E provide complementary information about the charge-asymmetric cross section dσ A (qq → ttj) in (6) . In the qg channel, this complementarity is lifted, because the jet originates from a quark rather than from a gluon.
Incline asymmetry at the parton level
In thechannel, the incline asymmetry probes the charge asymmetry dσ A (qq → ttj) via the inclination angle ϕ between the planes (t,t, j) and (q,q, j). We define the differential partonic incline asymmetry in terms of the jet scattering angle as
The integrated partonic incline asymmetry is then given bŷ
whereσ S is the total partonic cross section. Here and in the following sections, the jet distribution dσ A /dθ j is denoted by dσ A under the integrand, and the variables ϕ, E t , and Et are implicitly integrated over. The coefficients N 1 , N j 1 and N ϕ 1 are obtained from (7) by integrating {N 1 } over E t and Et. The prefactors are due to the integration over ϕ and θ j . As we observe in (9), the incline asymmetryÂ ϕ is sensitive to a combination of { N 1 }, namely to that part of the differential charge asymmetry which is symmetric in the top-antitop energy difference ∆E.
These different contributions toÂ ϕ are displayed in the left panel of Figure 2 as functions of the jet energy E j for a partonic CM energy of √ s = 1 TeV. 3 We observe that all coefficients N 1 diverge in the infrared limit E j → 0. The main contribution to the asymmetryÂ ϕ thus stems from soft gluon emission. Numerically, the coefficient N 1 is larger than N (6), it is apparent that the contribution of N 1 to the asymmetry is independent from θ j . Due to this behavior, the incline asymmetry is insensitive to the jet scattering angle. The incline asymmetry therefore provides optimal access to the differential charge asymmetry dσ A (qq → ttj)/dϕ dθ j dE t dEt, independently of the jet direction.
In the qg channel, the incline asymmetry as defined in (8) and (9) is based on the inclination between the planes (t,t, q) and (q, g, q). The inclination angle ϕ is now defined with respect to the quark-jet momentum and therefore inappropriate to measure the angular correlation between the quarks in the initial and final states. A definition of the incline asymmetry with respect to the gluon momentum k 2 is not possible in the partonic CM frame, because in general k t , kt and k 2 do not lie in one plane. By boosting into the tt rest frame, the incline asymmetry in the qg channel can be defined on the basis of a charge-antisymmetric tt initial state, in analogy to thechannel. We will only briefly comment on this possibility in Appendix A, since the energy asymmetry will prove more useful as an observable of the charge asymmetry in the qg channel.
Energy asymmetry at the parton level
The energy asymmetry is based on the difference between the top and antitop quarks' energies, ∆E = E t − Et. We define the differential energy asymmetry as a function of the jet angle by
The energy difference ∆E is connected to the kinematics in the final-state plane (t,t, j) by energy and momentum conservation. In particular, the angles ξ andξ of the top and antitop quarks with respect to the jet momentum, defined in (3) and (4) , are fixed by the energies E t and Et = √ s − E t − E j . For ∆E > 0, one has cosξ > cos ξ, and for ∆E < 0, one has cosξ < cos ξ. The energy asymmetry dσ E A /dθ j can therefore be interpreted as an asymmetry of the top and antitop scattering angles with respect to the jet direction,
In Appendix A, we exploit this correspondence and relate the energy asymmetry in thechannel to the top-angle asymmetry in the qg channel and vice versa. This relation allows us to understand the magnitude of the asymmetries in the respective channels. For thechannel, the energy-asymmetric part of dσ A (qq → ttj) is encoded in the coefficients {N 2 } given in (6) and (7). It accompanies an asymmetry in the (gluon-)jet scattering angle θ j . The energy asymmetry dσ E A /dθ j is thus antisymmetric under θ j ↔ π − θ j and vanishes when integrated over θ j ∈ [0, π]. To construct a non-vanishing observable, one needs to consider a two-fold asymmetry in terms of ∆E and θ j . We thus define the partonic energy asymmetry for the process→ ttj aŝ
The coefficients { N 2 } are obtained from (7) by integrating {N 2 } over E t and Et < E t . The factors 2π and π in front of N 2 and N ϕ 2 , respectively, stem from the integration over ϕ. By comparing the coefficients { N i } in (9) and (12), it becomes once more apparent that the energy asymmetryÂ E,j is independent from and complementary to the incline asymmetryÂ ϕ . In order to examine the kinematic features ofÂ E,j in thechannel, we study the coefficients {N 2 (E t , Et)} as functions of E j ∼ E t + Et and ∆E = E t − Et. The dependence of N 2 and N ϕ 2 on the jet energy E j is shown in the right panel of Figure 2 . Since N 2 is finite for E j → 0, the energy asymmetry is governed by N ϕ 2 , unless E j is close to its maximum. By comparing the scales of the coefficients { N 1 } and { N 2 } in Figure 2 , the energy asymmetryÂ E,j is expected to be much smaller in magnitude than the incline asymmetryÂ ϕ . The dependence of the dominant coefficient N ϕ 2 on ∆E is displayed in Figure 3 , left, for fixed values of the jet energy, E j = 50 GeV (plain) and E j = 100 GeV (dashed). The range of ∆E is limited for small E j due to momentum conservation in the final state. Within this range, the maximum of N ϕ 2 is reached for large ∆E, corresponding to ∆E ≈ E j for not too large E j . In the qg channel, the jet distribution dσ (10) is not antisymmetric under θ j ↔ π − θ j , because the initial state is not charge-antisymmetric as in thechannel. The differential energy asymmetry in (10) can therefore simply be integrated over the jet scattering angle θ j . The partonic energy asymmetry for qg → ttj is then given bŷ
Importantly, neither the jet direction nor the initial-state quark direction enter the definition of the charge asymmetryÂ E . This feature will be of great use to construct an observable at the LHC. The dependence of the energy asymmetry on ∆E is different for theand qg channels. In Figure 3 , right, we show the absolute differential asymmetries |dσ = 50 GeV (dashed). The dependence on the jet angle θ j has been integrated out. Since the asymmetry in thechannel has an infrared divergence for E j → 0, the main contribution to the asymmetry stems from small jet energies close to the cut. The range of ∆E is therefore limited to small values ∆E ≈ E cut j (see Figure 3 , left), such that dσ E,j A /d(∆E) depends strongly on the jet energy cut. On the contrary, in the qg channel, which is finite for E j → 0, the distribution dσ 
Comparison with the forward-backward asymmetry
The incline asymmetryÂ ϕ in thechannel is kinematically connected to the asymmetryÂ θt in terms of the top-quark scattering angle θ t . The latter has been measured as a forwardbackward asymmetry in inclusive tt production at the Tevatron and extensively studied in the literature. We compare both asymmetries in tt + j production and demonstrate thatÂ ϕ is superior toÂ θt in its sensitivity to the differential cross section dσ A (qq → ttj). The partonic top-angle asymmetry is defined by
with the jet distribution
In inclusive tt production, the jet direction is not detected. In this case, the top-angle asymmetryσ θt A in thechannel is equal to the forward-backward asymmetryσ FB =σ(cos θ t > 0) − σ(cos θ t < 0). In tt + j production, this relation holds true as long as the jet direction is integrated over, because the jet distribution in→ ttj is symmetric. The differential distributions dσ θt A /dθ j and dσ FB /dθ j are equal only for θ j = π/2. For fixed angles θ j = π/2, the forward-backward asymmetryσ FB of the top quark is to a significant extent due to momentum conservation in the final state, which blurs the charge asymmetry. 5 In tt + j production, we will thus refer to the top-angle asymmetry as defined in (14) and (15). This definition is free from kinematical asymmetries caused by the jet direction. At the hadron level, the top-angle asymmetry is equal to the rapidity asymmetry defined later in (24) , which has been measured in inclusive tt production by the Tevatron experiments.
The top-and antitop-quark angles θ t and θt in the partonic CM frame can be expressed in terms of the variables introduced in (1) as
In Figure 4 , left, we display the partonic incline asymmetryσ ϕ A (plain curve) and the top-angle asymmetryσ θt A (dashed curve) for thechannel as functions of θ j . We notice three characteristic features: 1) The incline asymmetryσ ϕ A is largely independent from the jet direction.
2) The top-angle asymmetryσ θt A reaches its maximum for central jet scattering, θ j = π/2, where it equals the incline asymmetry.
3) The top-angle asymmetry vanishes for θ j = 0, π. Let us discuss these features one by one.
1) The flatness of the distribution dσ ϕ A /dθ j has already been discussed in Section 2.2 in terms of the coefficients { N 1 }. It is due to the fact that the inclination between the top quark and the incoming quark is defined perpendicular to the jet direction. The impact of the jet kinematics on the direction of the top and antitop quarks, which tends to wash out the asymmetry, is thereby largely eliminated. The incline asymmetry is thus at its maximum over (almost) the entire range of θ j .
2) To demonstrate that the incline asymmetry is equal to the top-angle (or forwardbackward) asymmetry if the jet is emitted perpendicular to the beam axis, we consider both observables for θ j = π/2. In this limit, (16) reduces to
5 In the qg channel, there is no relation betweenσ θt A andσ FB . The top-quark forward-backward asymmetry originates in large part from the non-symmetric jet distribution.
The variables cos θ t and cos ϕ are now equal up to a factor sin ξ, which is fixed by the energies E t and Et (see (3)) and is positive over its range ξ ∈ [0, π]. A forward-scattered top quark (cos θ t > 0) thus corresponds to a positive inclination cos ϕ > 0, whereas a backward-scattered top (cos θ t < 0) induces a negative inclination cos ϕ < 0. The antitop quark is emitted in the respective other hemisphere. This implies that for θ j = π/2 the incline asymmetry and the forward-backward asymmetry are equal, once the integration over cos ϕ and cos θ t is performed,
Away from the region of central jet emission, the top-angle asymmetryÂ θt is reduced. For θ j = π/2, the dependence of cos θ t and cos θt in (16) on ξ andξ relaxes the correlation between the signs of cos ϕ and cos θ t − cos θt. For instance, events with a positive inclination cos ϕ > 0 can correspond to constellations with either cos θ t > cos θt or cos θ t < cos θt. The latter reduce the top-angle asymmetryÂ θt with respect to the incline asymmetryÂ ϕ .
3) The top-angle asymmetry vanishes if the jet is emitted along the beam axis, corresponding to sin θ j = 0. The top-quark scattering angle is now given by
For a forward jet (θ j = 0), the variables cos θ t and cos ξ are equal; for a backward jet (θ j = π), they are opposite in sign. At this limit, the correlation between θ t and ϕ is lost. An inclination of the plane (t,t, j) with respect to (q,q, j) corresponds to an azimuthal rotation of the top quark around the beam axis, ϕ = φ t , which is orthogonal to the top-quark scattering angle θ t . The differential charge asymmetry takes the simple form
Since cos θ t and cos θt can be expressed in terms of E t and Et via cos ξ and cosξ, the asymmetrŷ A θt obviously vanishes for θ j = 0, π, once the integration over ϕ ∈ [0, 2π] is performed. In other words, the top-angle asymmetry vanishes for jet emission in the beam direction, because the top and antitop angles θ t and θt are orthogonal to the inclination angle ϕ.
Summary: asymmetries in the qq and qg channels
Let us conclude our analysis by comparing the different asymmetries at the parton level in theand qg channels. In Figures 4 and 5 , the incline asymmetry (plain), energy asymmetry (dotted) and top-angle asymmetry (dashed) are shown as functions of the jet scattering angle θ j in the partonic CM frame. To visualize the effect of the normalization to the symmetric cross section dσ S /dθ j , we display both the charge-asymmetric cross section dσ A /dθ j (left panel) and the normalized asymmetryÂ(θ j ) (right panel). In thechannel, all asymmetries are either symmetric or antisymmetric with respect to θ j → π − θ j , because the jet distribution is forward-backward symmetric. Since the symmetric cross section is enhanced in the collinear region, the normalized asymmetries are suppressed for θ j ≈ 0, π. The suppression is particularly strong for the incline asymmetryÂ ϕ , where the charge-antisymmetric cross section dσ ϕ A /dθ j is largely constant in θ j . For the energy asymmetryÂ E,j and the top-angle asymmetryÂ θt , where per definition dσ E,j A /dθ j and dσ θt A /dθ j decrease for θ j → 0, π, the shape distortion by the normalization is less significant. The energy asymmetry is much smaller than the incline asymmetry and the top-angle asymmetry. Its maximum amounts to |Â E,j | = 5 % for θ j = 3π/10 and 7π/10 for √ s = 1 TeV and E j ≥ 20 GeV. As has been discussed in Section 2.4, the incline and top-angle asymmetries are equal at their maximum at θ j = π/2, where |Â ϕ | = |Â θt | = 38 %. For θ j = π/2,Â ϕ is enhanced with respect toÂ θt over the entire range of the jet scattering angle. The incline asymmetry is therefore superior to the top-angle asymmetry as a probe of the charge asymmetry in→ ttj. The maximum of the asymmetries at the parton level serves as a guideline for the upper bound on the expected hadronic observables. The size of the effective observables at the hadron level can be significantly reduced, dependent on the amount of charge-symmetric background and on the cuts imposed on the signal.
In the qg channel, the jet distribution of the asymmetries is neither symmetric nor antisymmetric, due to the asymmetric kinematics of the process qg → ttq. Since the quark-jet is preferentially emitted in the direction of the incident quark, the antisymmetric cross section dσ A /dθ j is enhanced, but finite, for small angles θ j . The enhancement of the symmetric cross section dσ S /dθ j for θ j → 0, however, is stronger due to its collinear divergence. The maximum of the normalized asymmetryÂ(θ j ) is thus reached for larger jet angles θ j . The top-angle asymmetry in the qg channel is tiny. Its maximum amounts to no more than |Â θt | = 2 % at θ j = 9π/20. The incline asymmetry exhibits a larger maximum of |Â ϕ | = 7 % at θ j = 4π/5. However, since the inclination angle ϕ in the qg CM frame is defined with respect to the quark-jet rather than the gluon,Â ϕ changes sign around θ j = 2π/5, such that the integrated incline asymmetry is much smaller. The energy asymmetry is the appropriate observable of the charge asymmetry in the qg CM frame. Its maximum is sizeable, |Â E | = 10 %, and occurs for jet angles close to θ j = π/2. The latter feature is particularly useful, because (as for the incline asymmetry) it allows one to cut out the collinear divergence of the normalizationσ S by focusing on the region of central jet emission. We elaborate on the origin and size of the different asymmetries in theand qg channels in Appendix A.
In the following sections, we will mostly focus on the asymmetriesÂ ϕ for thechannel andÂ E for the qg channel. In order to construct robust observables for hadron colliders, it is crucial to control the jet energy and angular distributions of the charge asymmetries. The purpose of our analysis in QCD at LO is to show the kinematical behavior of the asymmetries at a qualitative level. A numerically precise prediction requires QCD calculations beyond LO and the resummation of the logarithmic infrared and collinear divergences. This is particularly important, as hadronic observables will depend on experimental cuts on the jet energy and transverse momentum, which regularize the divergent regions of the phase space. A stronger cut on the jet scattering angle that projects on the central region around θ j ≈ π/2 simultaneously enhances the asymmetries and ensures collinear-safe observables.
At the LHC, further cuts on kinematic variables are needed to increase the sensitivity to the asymmetries. To this end, we investigate the dependence ofÂ ϕ andÂ E on the respective defining variables cos ϕ and ∆E. In Figure 6 , we show the partonic incline asymmetryÂ ϕ in→ ttj (left panel) and the energy asymmetryÂ E in qg → ttj (right panel) as functions of | cos ϕ| and |∆E|. A cut on the transverse momentum of the jet, p j T ≥ 20 GeV, has been applied to regularize the infrared and collinear divergences. Plain curves correspond to observables integrated over the jet distribution, whereas dashed curves show the observables at their maxima,Â ϕ (θ j = π/2) andÂ E (θ j = π/1.92). The asymmetries increase with | cos ϕ| and |∆E|, respectively. This effect is maximized, if the jet is emitted perpendicular to the beam 
axis in the partonic CM frame, namely at θ j ≈ π/2. In this region, the cross sectionσ S does not exhibit a collinear enhancement, such that the sensitivity of the normalized asymmetrieŝ A =σ A /σ S to the properties ofσ A is higher than in the collinear regime around θ j ≈ 0, π.
The incline asymmetryÂ ϕ in thechannel increases almost linearly with | cos ϕ|, reflecting the fact that the differential asymmetric cross section dσ A is proportional to cos ϕ (see (6) ). The maximum ofÂ ϕ is reached for | cos ϕ| ≈ 1, where the planes (t,t, j) and (q,q, j) coincide. This is also the region with the highest production rate of tt + j events. A lower cut on | cos ϕ| thus increases the asymmetry without too strong a reduction of the cross section. In hadron collisions at the Tevatron and the LHC, the total cross section for tt + j production is dominated by processes with a partonic CM energy of √ s ≈ 500 − 600 GeV. Since the dependence ofÂ ϕ on √ s is mild, the partonic results for √ s = 1 TeV from Figure 6 , left, already give a rough estimate of the incline asymmetry at hadron level. In particular, it can be observed that the incline asymmetry at the LHC can be significantly enhanced by suitably combined cuts on θ j and | cos ϕ|.
The situation is different for the energy asymmetryÂ E in the qg channel. For kinematical reasons, a large top-antitop energy difference |∆E| implies a lower bound on the jet energy E j (see Figure 3, left) . A lower cut on |∆E| thus enhances the energy asymmetry, but comes along with a significant reduction of the cross section. As is apparent in Figure 6 , right, the increase ofÂ E with |∆E| is much more pronounced for central jet emission around θ j ≈ π/2. A cut on the jet angle thus will be important to raise the energy asymmetry to an observable level at the LHC.
Asymmetries at hadron colliders
With these partonic investigations at hand, we construct observables for the Tevatron and LHC experiments that probe the charge asymmetry in both theand the qg channel. At the hadron level, the partonic charge asymmetries introduced in Section 2 need to be adjusted according to the proton-antiproton and proton-proton initial states, respectively. The hadronic cross sections σ S/A are obtained from the partonic cross sectionsσ
Here x 1,2 denotes the momentum fraction of the parton p 1,2 inside the nucleon P 1,2 , and √ s and √ S are the partonic and hadronic CM energies. For the quark-antiquark initial state p 1 p 2 = qq, which dominates the top-quark pair production rate at the Tevatron, the differential partonic charge-asymmetric cross section dσ A (qq → ttj)/dϕdθ j dE t dEt has been given in (6) . At the LHC, the quark-gluon initial state p 1 p 2 = qg will also be important. The boost of the partonic CM frame with respect to the laboratory frame will be expressed in terms of the rapidity of the top-antitop-jet system in the laboratory frame, y ttj = ln(x 1 /x 2 )/2.
In our numerical analysis, the factorization scale is set equal to the top-quark mass, µ f = m t = 173.2 GeV. All calculations are performed at LO QCD, using CTEQ6L1 PDFs [22] and the corresponding value of the strong coupling constant, α LO s (m t ) = 0.1180. The phasespace integration is performed numerically by means of the Vegas Monte Carlo algorithm implemented in [23, 24] . Unless stated otherwise, we will apply typical experimental cuts on the jet's transverse momentum, p j T , and the jet rapidity in the laboratory frame, y j . For the Tevatron analysis, we use p j T ≥ 20 GeV, |y j | ≤ 2, and for the LHC we apply p j T ≥ 25 GeV, |y j | ≤ 2.5, subsequently referred to as "detector cuts". Cuts on the jet angle θ j will be expressed in terms of the partonic jet rapidity,
The jet scattering angle in the parton frame can thus be accessed by measuring the difference of the rapidities y j and y ttj in the laboratory frame.
Incline asymmetry at the Tevatron
Proton-antiproton collisions at the Tevatron primarily proceed through the partonicchannel. For a CM energy of √ S = 1.96 TeV and detector cuts p j T ≥ 20 GeV and |y j | ≤ 2, the contributions of the partonic states to the total cross section of tt + j production amount to 84% (qq), 9% (qg +qg) and 7% (gg) at LO QCD. The feature of theinitial state being antisymmetric under charge conjugation is thus largely preserved in proton-antiproton collisions at the hadron level. The hadronic incline asymmetry A ϕ can be straightforwardly derived from the partonic asymmetryÂ ϕ using (9) and (21),
In Figure 7 , we display the incline asymmetry A ϕ (θ j ) (left panel, plain curve) and the symmetric cross section dσ S /dθ j (right panel) at the Tevatron as functions of the jet angle θ j . The maximum of A ϕ = −27.4 % is obtained for jets emitted perpendicular to the beam axis in the partonic CM frame, namely for θ j = π/2. Recall from Section 2.4 that the partonic asymmetryσ ϕ A is largely independent from θ j (Figure 4, left) . The drop-off of the normalized incline asymmetry at the edges of the spectrum is mainly due to the collinear enhancement of the symmetric cross section dσ S /dθ j for θ j → 0, π. A cut on p j T = E j sin θ j implies a minimal jet energy of E j = p j T for θ j = π/2 and of E j p j T for θ j → 0, π, suppressing the infrared enhancement of the cross section at the edges of the jet distribution. However, as the p j T cut affects both σ ϕ A and σ S in a similar way, the effect on the normalized incline asymmetry A ϕ is small.
For comparison, we also show the top-angle asymmetry A θt ( Figure 7 , left, dashed),
which corresponds to the asymmetry A y in terms of the top-antitop rapidity difference ∆y = y t − yt. Independently from detector cuts and normalization effects, the definition of σ θt A implies a drop-off of the asymmetry for θ j → 0, π (see Figure 4 , left). Therefore, A ϕ is always larger than A θt for any fixed jet angle θ j = π/2. Integrated over the spectrum, the total asymmetries amount to A ϕ = −15.6 % and A θt = −12.6 % for a cross section of σ S = 1.42 pb. The enhancement amounts to A ϕ /A θt = 1.24 for the applied detector cuts. In the region of central jet emission, the enhancement is less pronounced.
In Table 1 , we give numerical values for the integrated incline charge asymmetry A ϕ and the corresponding cross section σ S and their dependence on various cuts. The normalized asymmetry is stable against moderate variations of the detector cut on p j T (last two columns). As suggested by Figure 7 , the dependence of both A ϕ and σ S on the jet direction is strong. Since the asymmetry is maximized for jets emitted perpendicular to the beam axis, an additional upper bound on the absolute jet rapidity |ŷ j | in the partonic CM frame (third column) increases the integrated asymmetry. The price to pay is a significant reduction of the total cross section. A similar effect is obtained by a suitable cut on the inclination angle ϕ (fourth column). Requiring simultaneously a central jet and a small inclination between the initialand final-state planes (fifth column), enhances A ϕ more efficiently than a stronger cut on either |ŷ j | or ϕ yielding the same cross section.
In practice, the significance of an observation of the incline asymmetry at the Tevatron will be limited by the low tt + j production rate. In the last row of Table 1 , we display the statistical significance S = |A ϕ |/δA ϕ of the integrated asymmetry with δA ϕ = 1/ √ N . The expected number of tt + j events amounts to N = 711 for our default detector cuts, assuming an integrated luminosity of L = 10 fb −1 and an experimental efficiency of 5%. For the cuts displayed in Table 1 , we obtain a statistical significance of S ≈ 4 − 5. The significance is maximized for loose cuts, because of the statistical limitations. A detailed experimental analysis is required to optimize the set of cuts, in order to maximize A ϕ while maintaining most of the cross section σ S . Despite the limited statistics, the potential to measure the incline asymmetry at the Tevatron is substantial and should be pursued as an important test of QCD.
We close this subsection with remarks on the energy asymmetry in pp collisions at the Tevatron. The dominant contribution to the energy asymmetry stems from the antisymmetricinitial state. We therefore can apply the parton-level definition ofÂ E,j in (12) at the hadron level by merely integrating over the PDFs to obtain A E,j = σ E,j A /σ S . The impact of the qg initial state on A E,j is numerically completely negligible. As we have observed at the parton level (see Figure 4, Table 1 : Incline asymmetry A ϕ , cross section σ S and statistical significance S = |A ϕ |/δA ϕ at the Tevatron. Detector cuts |y j | ≤ 2 and p j T ≥ 20 GeV (altered in the last two columns) have been applied, as well as additional cuts on the partonic jet rapiditŷ y j and the inclination angle ϕ. more than A E,j = 0.9%. Given the low production rate of tt + j events, it is not possible to significantly enhance the energy asymmetry by cuts. An observation of A E,j at the Tevatron is thus out of reach.
Incline asymmetry at the LHC
Due to the high CM energy in proton-proton collisions at the LHC, tt pairs are frequently produced in association with a hard jet. For √ S = 8 TeV and typical detector cuts p j T ≥ 25 GeV and |y j | ≤ 2.5, the cross section for the production of a tt + j state amounts to σ S = 97.5 pb at LO QCD, more than 50% of the total cross section for inclusive tt production. Compared to the Tevatron, two main differences affect the definition of a charge asymmetry at the LHC. Firstly, the initial proton-proton state is charge-symmetric. A non-vanishing charge asymmetry thus requires a reference frame other than the direction of the incoming hadrons. Secondly, the distribution of the partonic states from proton-proton collisions at the LHC differs significantly from the situation at the Tevatron. For √ S = 8 TeV and applied detector cuts, the total cross section at LO is composed of the partonic contributions to 65.6% (gg), 26.7% (qg +qg) and 7.7% (qq). To observe a charge asymmetry, the large charge-symmetric gg background needs to be suppressed as far as possible by suitable cuts. Whether the asymmetry is then dominated byor qg contributions depends on the respective observable and on the applied cuts. As we will show, it is possible to disentanglecontributions from qg contributions by accessing the charge asymmetry through different observables. As a suitable set of such observables, we propose an incline asymmetry to probe thechannel and an energy asymmetry to probe the qg channel.
The partonic incline asymmetryÂ ϕ in→ ttj has been defined in (9) . The definition of the inclination angle ϕ in (2) involves the momentum k 1 of the incident quark q in the partonic initial state p 1 p 2 . We will guess the direction of the quark by exploiting the fact that valence quarks carry most of the longitudinal momentum of the incident proton. The final state is thus boosted in the direction of the valence quark, encoded in the rapidity y ttj = ln(x 1 /x 2 )/2. If y ttj > 0, the quark is supposed to stem from the proton P 1 (q = p 1 ); if y ttj < 0, it is supposed to originate from the proton P 2 (q = p 2 ). The quark direction serves as a reference frame to define the incline asymmetry in the (charge-symmetric) proton-proton collisions at the LHC,
The cross section σ ϕ A is derived from its partonic analogσ ϕ A in (9) by folding it with the PDFs. Since the initial state in thechannel is antisymmetric under charge conjugation, one has σ ϕ A (qq → ttj) = −σ ϕ A (qq → ttj). If the identification of the quark direction via |y ttj | was perfect, A ϕ,q would thus essentially measure the charge asymmetry in thechannel, σ ϕ A (qq → ttj)/(σ S /2). Mistakenqq events with y ttj < 0, which appear asevents, smear out the asymmetry because they contribute to A ϕ,q with the opposite sign. In Figure 8 , left, we display the misinterpretation rate R mis q = N(y ttj < 0, |y ttj | min )/N(|y ttj | min ) (dotted curve) for the LHC at √ S = 8 TeV (LHC8) as a function of a lower cut on the final-state boost, |y ttj | min . Without cuts, the probability to misinterpret astate as aqq state amounts to = 10 % by focusing on boosted events with |y ttj | min 0.9. Simultaneously, the cut on |y ttj | enhances the partonic initial states with a valence quark over the charge-symmetric gg background. This effect is visualized in Figure 8 , left, in terms of the fractions R= N/N tot and R qg = N qg /N tot (dashed curves), denoting the number of+qq and qg +gq states over the total number of events for a fixed cut |y ttj | min . In order to observe a sizeable incline asymmetry at the LHC, a focus on highly-boosted events thus seems to be indispensable. The price to pay is a significant reduction of the cross section, displayed as R tot = N tot (|y ttj | ≥ |y ttj | min )/N tot (plain curve). For instance, a cut of |y ttj | ≥ 0.5 reduces the cross section to 50 %, a stronger cut of |y ttj | ≥ 1 implies a reduction to 20 %.
In Figure 8 , right, the incline asymmetry A ϕ,q (θ j ) at the LHC8 is shown as a function of the jet scattering angle θ j in the parton frame. Without any further cuts (plain curve), the asymmetry is small, reaching a maximum of no more than A ϕ,q (θ j = π/2) = −1.5 %. The effect of a cut on the final-state boost is visualized for |y ttj | ≥ 1 (dot-dashed curve). This cut enhances the maximal asymmetry by more than a factor of two, yielding A ϕ,q (θ j = π/2,
The incline asymmetry A ϕ,q is tailored to probe the charge asymmetry at the LHC in thechannel. However, the qg channel also contributes to the observable and thereby "pollutes" the measurement of thecontribution. The contribution of qg + gq andqg + gq states to A ϕ,q is shown in Figure 8 , right (dotted curve). At θ j = π/2, where the incline asymmetry reaches its maximum, the qg pollution contributes +0.09 % to the asymmetry. The effect is even smaller, when the asymmetry is integrated over a range of θ j around the maximum. Since this is the preferred region where the observable is collinear-safe, we conclude that for practical purposes the qg pollution can be neglected to a good approximation. The incline asymmetry A ϕ,q therefore provides a largely clean access to the charge asymmetry in thechannel.
We now compare the incline asymmetry A ϕ,q with the asymmetry in terms of the top-quark angle θ t . We determine the quark direction as we did for the incline asymmetry and define the top-angle asymmetry at the LHC as
The observable A θt,q (Figure 8 , right, dashed curve) meets the incline asymmetry A ϕ,q at its maximum at θ j = π/2 and is consistently smaller for other jet angles. Since the determination of the quark direction does not affect the characteristics of the asymmetries in the partonic CM frame, the incline asymmetry is superior to the top-angle asymmetry at the LHC as well. The jet angular distribution of the asymmetry A θt,q is almost identical to the asymmetry A |y| in terms of absolute top and antitop rapidities (dashed curve),
which has been investigated in inclusive top-pair production at the LHC. The slight discrepancy between A |y| and A θt,q is due to the different incorporation of the quark direction and the fact that A |y| is defined in the laboratory frame, whereas A θt,q is defined in the parton frame. The enhancement of the total asymmetry A ϕ,q over A |y| is 50 % for the applied detector cuts. As for the Tevatron asymmetry, in the region of central jet emission, the enhancement is less pronounced.
Due to the large gg background at the LHC, it is crucial to enhance the sensitivity to the charge asymmetry by phase space cuts. For the incline asymmetry, appropriate variables for such cuts are the final-state boost y ttj , the partonic jet rapidityŷ j , and the inclination angle cos ϕ: y ttj helps to suppress the gg background, whereasŷ j and cos ϕ are useful to enhance the asymmetry at the parton level. Since their effects on the incline asymmetry are to a large extent uncorrelated, cuts on these variables can be adjusted independently in order to maximize the significance of the signal. An upper cut on the jet rapidity |ŷ j | is indispensable to suppress the region of collinear jet emission. We thus preselect a region of central jets and explore the phase space in terms of cos ϕ and y ttj . In Figure 9 , left, the incline asymmetry A ϕ,q at the LHC8 is displayed for lower cuts | cos ϕ| min and |y ttj | min and a fixed cut of |ŷ j | ≤ 1. With strong cuts, it is possible to increase the asymmetry to up to A ϕ,q = −6 %. However, as the luminosity recorded at the LHC8 is limited to L = 22 fb −1 per experiment, looser cuts are preferred to achieve an optimal significance. We determine the statistical significance as we did for the Tevatron analysis, assuming an experimental efficiency of 5 %. At the point of maximal significance, S(22 fb −1 ) = 3.6 (black cross), the asymmetry amounts to A ϕ,q = −2.4 %. In Table 2 , we give numerical values for the incline asymmetry A ϕ,q , the cross section σ S and the statistical significance S with a luminosity of L = 22 fb −1 at the LHC8 for different sets of cuts. Since none of the variables is outstanding in increasing A ϕ,q , the combination of cuts leads to a better significance than a strong cut on one single variable. The third-tolast and the last column correspond to the regions in Figure 9 , left, of maximal significance (black cross) and large asymmetry (upper right corner). The second-to-last column shows the effect of a stronger cut on the partonic jet rapidity. Such a cut increases the asymmetry, but lowers the significance due to the reduction of the cross section. With the LHC8 data set and a statistical significance of three standard deviations, an incline asymmetry of up to Table 2 : Incline asymmetry A ϕ,q , cross section σ S and statistical significance S = |A ϕ,q |/δA ϕ,q at LHC8. Detector cuts p j T ≥ 25 GeV and |y j | ≤ 2.5 have been applied, as well as additional cuts on the boost of the final state, y ttj , the jet rapidity in the parton frame,ŷ j , and the inclination angle ϕ. A ϕ,q = −4 % is expected to be observable. The maximum of the asymmetry, A ϕ,q = −6 %, however, is difficult to access due to the limited amount of data.
Finally, we comment on the prospects to observe the incline asymmetry at the LHC running at its design collision energy of √ S = 14 TeV (LHC14). Keeping the same detector cuts as for the LHC8, the total cross section for tt + j production at the LHC14 is σ S = 458 pb at Table 3 : Incline asymmetry A ϕ,q , cross section σ S and statistical significance S = |A ϕ,q |/δA ϕ,q at LHC14. Framework as in Table 2 .
LO, the partonic contributions amounting to 75% (gg), 21% (qg +qg) and 4% (qq). Since thecontribution is almost a factor of 2 smaller than at the LHC8, stronger cuts are required in order to distinguish the incline asymmetry from its gg and qg background. As shown in Figure 10 , left, for |ŷ j | ≤ 0.5, the maximal incline asymmetry hardly exceeds A ϕ,q = −4 %. In turn, the higher luminosity expected at the LHC14 allows us to compensate for this drawback and to achieve a higher statistical significance than at the LHC8. The dashed lines in Figure 10 , left, correspond to contours of constant significance S = 5 for the luminosities L = 50 fb
and L = 100 fb −1 . In Table 3 , numerical examples are given for different sets of cuts. The third-to-last column shows the maximal incline asymmetry reachable with a luminosity of L = 50 fb −1 and a significance of S = 5, A ϕ,q = −2.4 %. The second-to-last column shows the maximal incline asymmetry reachable with L = 100 fb −1 and S = 5, A ϕ,q = −3.7 %. With L = 100 fb −1 , an asymmetry of A ϕ,q = −4.2 % can be observed with S = 3 (last column). These examples show that a good level of statistical significance for the incline asymmetry should be reached within the early runtime of the LHC14.
Energy asymmetry at the LHC
As has been discussed in Section 2.3, the energy asymmetry allows us to access the charge asymmetry in the qg channel. At the LHC8, the qg contribution to the total tt + j cross section amounts to 27 %, exceeding thecontribution by more than a factor of three. The relative abundance of qg states implies less charge-symmetric background for the energy asymmetry and thus facilitates an observation at the LHC. Moreover, unlike the incline asymmetry, the energy asymmetry can be formulated for proton-proton collisions without involving the direction of the incoming quark. We define the energy asymmetry for the LHC as
where the hadronic asymmetric cross section σ E A = σ(∆E > 0) − σ(∆E < 0) is obtained from the partonic one in (13) by folding it with the PDFs. Contributions fromandqq states cancel exactly for any fixed jet angle θ j , because the charge asymmetry of the initial state implies dσ E A (qq → ttj)/dθ j = −dσ E A (qq → ttj)/dθ j . The energy asymmetry A E is thus free fromcontributions. It basically measures the charge asymmetry in the qg channel, σ E A (qg → ttj)/(σ S /2), when integrated over a symmetric range around θ j = π/2. In Figure 11 , we show the distribution of the energy asymmetry A E (plain curve) in terms of θ j . The maximum is obtained for central jet emission, A E (θ j = π/2) = −1.6 %. The separate contributions from qg and gq states (dashed curves) are not symmetric under θ j ↔ π − θ j , due to the asymmetric jet kinematics. Their sum, however, yields a symmetric distribution, reflecting the symmetry of the hadronic initial state. At the parton level, contributions from qg and gq states (dotted curves) are of the same magnitude, but opposite sign with respect to qg and gq contributions. At the hadron level, due to the lower abundance of antiquarks inside the proton, theqg + gq contributions are smaller. They reduce the maximum of the asymmetry from A E (θ j = π/2) = −2.0 % to A E (θ j = π/2) = −1.6 %. Similarly to the incline asymmetry, A E can be enhanced by cuts on the partonic jet rapiditŷ y j and the final-state boost y ttj , which project out the central jet region and suppress the charge-symmetric gg background. An additional lower cut on the top-antitop energy difference ∆E further enhances the asymmetry, as we discussed at the parton level in Section 2.5. In Figure 9 , right, the energy asymmetry A E at the LHC8 is displayed for variable lower cuts |∆E| min and |y ttj | min and a fixed cut of |ŷ j | ≤ 1. With strong cuts, the asymmetry reaches up to A E = −14 %. The significance, however, is strongly limited by the amount of data collected in 2012. The maximal significance, S(22 fb −1 ) = 3.3, is thus reached for the loose cut |∆E| min = 20 GeV and no cut on |y ttj |. The corresponding asymmetry amounts to A E = −1.9 %. The effects of different cuts on the asymmetry A E , the cross section σ S and Table 4 : Energy asymmetry A E , cross section σ S and statistical significance S = |A E |/δA E at LHC8. Detector cuts p j T ≥ 25 GeV and |y j | ≤ 2.5 have been applied, as well as additional cuts on the boost of the final state, y ttj , the jet rapidity in the parton frame,ŷ j , and the top-antitop energy difference in the parton frame, ∆E. Combined cuts on |ŷ j | and |∆E| imply a stronger bound on p j T,min without changing A E and σ S .
the statistical significance S are displayed in Table 4 . The two last columns correspond to the regions in Figure 9 , right, of maximal overall significance (lower left corner) and maximal significance for an asymmetry of A E = −5 % (lower left center). Notice again that a lower cut on ∆E implies a minimum jet energy E j ≥ E min j to ensure momentum conservation in the final state. Combined cuts on |∆E| and |ŷ j | (namely the jet angle θ j ) correspond to a lower bound on the jet's transverse momentum p j T = E j sin θ j , as indicated by the last entry in line four. A stronger cut on p j T is experimentally welcome, as it facilitates the identification of the hard jet in the tt + j final state. With the LHC8 data set, the prospects for the energy asymmetry are similar to those for the incline asymmetry: An energy asymmetry of up to A E = −3.7 % is expected to be observable with a statistical significance of three standard deviations.
At the LHC14, higher luminosities allow us to set stronger cuts on the energy asymmetry and still achieve a good statistical significance. Compared to LHC8, the maximal asymmetry is only slightly reduced due to the larger gg background. In Figure 10 , right, we display the energy asymmetry at the LHC14 for |ŷ j | ≤ 0.5. An energy asymmetry of A E = −5 % can be observed with a statistical significance of S = 5 already for luminosities less than L = 50 fb −1 . With higher luminosities of about L = 300 fb −1 , it is possible to explore the region of large asymmetries around A E = −10 %. From the statistical point of view, the energy asymmetry is thus the preferred observable to probe the charge asymmetry at the LHC14. Compared to the incline asymmetry, it is sizeable for strong cuts and therefore benefits even more from high statistics. In Table 5 , numerical examples are given for different sets of cuts. The three last columns show the maximum incline asymmetries for S = 5 and |ŷ j | < 0.5 obtained with L = 50, 100, 300 fb −1 . They amount to A ϕ,q = −6.5, −8.8, −11 %. The implicit constraints on the jet's transverse momentum p j T from combined cuts on |∆E| and |ŷ j | are shown in line four. Generically, the minimal p j T at the LHC14 is higher than at the LHC8, because the preferred cuts on |∆E| and |ŷ j | are much stronger. Therefore, a strong detector cut on p j T can be set without affecting the magnitude of the cross section and the asymmetry at the LHC14. These Table 4 .
examples demonstrate once more the good prospects of observing a sizeable energy asymmetry at the LHC14.
Conclusions
Top-quark pair production in association with a hard jet provides a new way to access the charge asymmetry at hadron colliders. From a theoretical perspective, the charge asymmetry in tt + j production is complementary to the asymmetry in inclusive tt production, as both originate from the interplay of different contributions in QCD. From a phenomenological point of view, the additional jet is advantageous insofar as it allows us to construct new observables beyond the hitherto considered rapidity asymmetries. The discovery potential of the charge asymmetry via these new observables in tt+j production at the LHC is expected to be superior to inclusive tt production. To construct optimal observables, jet kinematics is crucial because it affects the top-and antitop-quark kinematics due to momentum conservation in the final state. Furthermore, jet kinematics governs the cross section in the soft and collinear regime and thereby confines the observability of a charge asymmetry to specific phase space regions.
In this work, we have presented a pair of new observables that respect the jet kinematics, the incline asymmetry and the energy asymmetry. These observables probe the charge asymmetry in tt + j production in both theand the qg channel. In thechannel, the incline and the energy asymmetry are complementary, as they are sensitive to independent parts of the differential charge asymmetry. In the qg channel, this complementarity is lost because the qg initial state is neither symmetric nor antisymmetric under charge conjugation. An incline asymmetry can be defined in the tt rest frame. In practice, however, the energy asymmetry in the qg frame proves very useful. It is equivalent to an angular asymmetry of the top and the antitop quark with respect to the direction of quark-jet and therefore independent of the momentum constellation in the initial state.
At the Tevatron, the charge asymmetry in tt + j production is accessible via the incline asymmetry A ϕ in thechannel. Due to the collinear enhancement of the cross section (the symmetric background to the charge asymmetry), the incline asymmetry is maximized if the jet is emitted perpendicular to the beam axis in theCM frame. Integrated over the jet angle, the incline asymmetry is sizeable, amounting to A ϕ = −15.6 % at LO. It can be increased further by focusing on the region of central jet emission with a cut on the partonic jet rapidity |ŷ j |. The experimental sensitivity to the incline asymmetry is limited by the amount of data collected at the Tevatron. Yet, with an estimated efficiency of 5 % and an integrated luminosity of 10 fb −1 , a statistical significance of 4 − 5 standard deviations is expected. The energy asymmetry, in turn, is tiny and therefore not observable at the Tevatron.
At the LHC, an observation of the incline asymmetry in thechannel relies on knowing the direction of the incoming quark. The latter can be estimated by exploiting the boost of the final state, which reflects the large momentum fraction carried by the valence quark inside the proton. The resulting incline asymmetry A ϕ,q , however, is strongly suppressed by the large charge-symmetric gg background. By combining cuts on three variables, one can efficiently raise A ϕ,q to an observable level. A cut on the final-state boost |y ttj | enhances the fraction ofevents with respect to the gg background. The collinear region is suppressed as at the Tevatron by selecting events with small jet rapidities |ŷ j |. The charge-asymmetric cross section can eventually be enhanced by focusing on small inclination angles ϕ. At the LHC8 with the full data set of 22 fb −1 , a significance of 3.6 standard deviations can be obtained for moderate cuts on the three above-mentioned variables, corresponding to A ϕ,q = −2.4 %. At the LHC14 with an increased luminosity of 100 fb −1 , an incline asymmetry of almost A ϕ,q = −4 % can be observed with a significance of 5 standard deviations.
The energy asymmetry is the first observable that allows us to probe the charge asymmetry in the qg channel at the LHC. Exploring the qg channel is particularly useful, because the gg suppression of the asymmetry is much milder than for thechannel. Importantly, the definition of the energy asymmetry does not require the determination of the quark direction in the initial state. At the LHC8, with suitable cuts on |y ttj |, |ŷ j |, and on the top-antitop energy difference ∆E, the energy asymmetry reaches a maximum of A E ≈ −14 % at LO. This maximum is twice as large as for the incline asymmetry, reflecting the increased parton luminosity of qg with respect toinitial states. The limited statistics at LHC8 confine the statistical significance to at most 3.3 standard deviations, corresponding to an energy asymmetry of A E = −1.9 %. At the LHC14, the maximal asymmetry is slightly lowered to A E ≈ −12 % due to the increased gg background. An observation of this maximum asymmetry with a significance of 3 standard deviations requires 100 fb −1 of data. Obviously, the prospects to observe a large energy asymmetry at the LHC14 increase with the accumulation of more data.
Compared to the so far considered rapidity asymmetries, the new incline and energy asymmetries improve the accessibility of the charge asymmetry in tt + j production in two ways. The incline asymmetry can be considered as a refined rapidity asymmetry that takes the jet kinematics into account. Both observables are equal for central jet emission. Integrated over the jet angular distribution, the incline asymmetry is consistently larger than the rapidity asymmetry. The energy asymmetry in addition provides us with access to the hitherto unexplored charge asymmetry in the qg channel. We suggest a measurement of both the incline asymmetry as well as the energy asymmetry in tt + j production at the LHC, in order to obtain complementary results for the charge asymmetry in theand the qg channel. With the sizeable energy asymmetry, tt + j production is likely to become the discovery channel of the charge asymmetry at the LHC, given the limited prospects of the rapidity asymmetries in inclusive tt production.
Concerning the numerical predictions in this work, a caveat is in order. Since NLO corrections to the charge asymmetry in tt + j production are important, an analysis beyond LO is necessary to provide robust QCD predictions for the new observables. The theory of tt + j production and top-quark decay at NLO is well understood from investigations of the rapidity asymmetries. To what extent the incline and energy asymmetries are affected by NLO corrections is an interesting open question.
Acknowledgments
We thank Rohini Godbole, Kirill Melnikov, and Markus Schulze for interesting discussions and Hubert Spiesberger for helpful comments on the manuscript. This work was supported by the 
A Appendix
In this appendix, we demonstrate that the energy asymmetry and the top-angle asymmetry in the channels→ ttg and qg → ttq are related by a boost into the tt rest frame. This connection is due to the fact that both channels are related by parton crossing p 2 ↔ p 3 . 6 The energy asymmetry in either channel is equal to a forward-backward asymmetry of parton 3 (the jet) in the tt rest frame. The top-angle asymmetry in the respective other channel is approximately equal to the forward-backward asymmetry of parton 2 (an incoming antiquark or gluon) in the tt rest frame. Based on this relation, it is possible to understand the magnitude of the respective asymmetries. It will become clear why in thechannel the top-angle asymmetry is so much larger than the energy asymmetry, whereas the situation is reversed in the qg channel.
We start with an observation made in Section 2.3: The energy asymmetryσ E A as defined in (10) is (up to a sign) equivalent to an angular asymmetryσ ξ A of the top and antitop quarks with respect to the jet direction, defined in (11) . We can also expressσ ξ A as a rapidity asymmetry with respect to the jet momentum k 3 , σ y k 3 A ≡σ(∆yto the forward-backward asymmetry of the gluon in the tt rest frame (bold dotted). The smallness of the top-angle asymmetry in the qg channel has been mentioned previously for inclusive top-pair production in the literature. It can now be ascribed to the small energy asymmetry in thechannel, since both asymmetries are related by parton crossing. The different shapes of the jet angular distributions are due to the kinematic configurations: In thechannel, θ j is the angle of the gluon-jet with respect to the incident quark, whereas in the qg channel, it is the angle of the quark-jet. In particular, the energy asymmetry in thechannel is antisymmetric and changes its sign at θ j = π/2. This is not the case for the top-angle asymmetry in the qg channel, where the angle between the incident quark and the gluon is fixed to π. The magnitudes ofσ E A (qq) andσ θt A (qg) differ mainly because of the soft enhancement for E j → 0 in thechannel, which is absent in the qg channel.
The same connection holds true for the energy asymmetry in the qg channel (right, dashed) and the top-angle asymmetry in thechannel (left, dashed). Both asymmetries can be traced back to the forward-backward asymmetry of the quark in the tt rest frame (fine dotted). Thus, the sizeable energy asymmetry in the qg frame is due to the fact that the top-angle asymmetry in thechannel (which is connected to the incline asymmetry) provides the dominant contribution to the charge asymmetry. These findings confirm that the incline asymmetry in thechannel and the energy asymmetry in the qg channel capture most of the differential charge asymmetry in both channels.
One might wonder, why we derived the correspondence between the energy asymmetry and the top-angle asymmetry, rather than the incline asymmetry. As was mentioned at the end of Section 2.1, the incline asymmetry and the energy asymmetry form a "perfect match", in the sense that they probe complementary parts of the charge asymmetry in thechannel. It is not possible to translate this complementarity to the qg channel. A Lorentz boost into the p 1 p 3 rest frame, which would mimic ainitial state, is kinematically prohibited. The incline asymmetry can be defined in the tt rest frame viaσ ϕ tt A =σ(cos ϕ tt > 0) −σ(cos ϕ tt < 0), where ϕ tt is the inclination angle between the plane spanned by the top quark and the incoming gluon and the plane spanned by the quark-jet and the incoming gluon. Due to the asymmetric jet kinematics in the qg channel, the jet distribution ofσ ϕ tt A is not flat as in thechannel, but peaks in the forward direction. The magnitude ofσ ϕ tt A is similar to the energy asymmetryσ E A in the qg channel. We consider the energy asymmetry a more suitable observable than the incline asymmetry in the tt rest frame, because the former does not rely on the collinear region. Furthermore, the energy asymmetry can be easily formulated in the partonic CM frame and does not rely on the direction of the incoming gluon, contrary to the incline asymmetry in the tt rest frame.
